The subcritical transition towards space-time chaos of a nonlinear localized state (defined by well-defined fronts) is studied along the bifurcated hysteretic branch of the bifurcation. The experimental model system is the one-dimensional electroconvection of a nematic liquid crystal. The transition reveals an original cascade of bifurcations between front regimes, as well as a width-selection mechanism for the domains. A fifth-order Ginzburg-Landau equation reproduces most of the experimental observations.
Introduction
Characterizing and understanding the different routes that may lead to the loss of space and time order, or to space-time chaos (STC in what follows), still remains an open fundamental problem. Among all the possible scenarios, sudden hysteretic transitions from an ordered state to disordered space-time regimes may occur in several situations [Reichardt et al., 1956; Chaté, 1991] . The localized turbulent bursts observed for example in the Taylor-Couette flow present strong hysteretic behaviors: the laminar and the turbulent flows coexist over a continuous semi-infinite range of the control parameter, over which the laminar flow remains stable for any value of the control parameter [Carlson et al., 1982; Botin, 1998 ]. This scenario of transition remains however not fully understood, as no theoretical tool yet allows to describe such discontinuous transitions.
We have discovered in the one-dimensional electro-hydro-convection (1D-EHC) of a nematic liquid crystal the existence of a subcritical transition towards a space-time chaos. Here, we report on the first study of the prechaotic regimes encountered along the subcritical branch of the bifurcation [ Fig. 1(a) ]. In this study we have found an original route of transition towards space-time chaos, involving a cascade of bifurcations between dynamical front regimes of localized domains of the bifurcated state. In Sec. 2, a description of the model system is given. Section 3 is dedicated to the experimental results obtained on the transition to STC along the subcritical branch of the bifurcation. In addition to the cascade of bifurcations between front regimes, a mechanism of width-selection of the domains is described. We could reproduce numerically the succession of front regimes experimentally encountered. The minimal equation taking into account all the qualitative features of the experiments is a fifth order (quintic) complex Ginzburg-Landau equation (QCGLE). These numerical results, reproducing in a large part both the cascade of bifurcations and the width-selection effect experimentally observed, are reported in Sec. 4. They give rise in Sec. 5 to an extensive discussion. Conclusion is provided in Sec. 6.
The Model System

The experimental setup
Our model system is provided by the electroconvection of a nematic liquid crystal. It is a d = 20 µm thin layer of nematic liquid crystal Merck Phase V sandwiched between two glass plates with a planar anchoring (the x direction in figures) [Graf et al., 1992] . The constraint is an a.c. electric field E applied perpendicularly to the nematic layer (the z direction). The control parameter is defined by the voltage V = Ed, applied by means of semitransparent electrodes (ITO) deposited on the two confining glass plates. One of the plates is uniformly coated on its surface, the second one coated with narrow stripes, that defines quasi one-dimensional channels with extensions L y = 20 µm and L x = 1 cm. The aspect ratios are then Γ y = L y /d ∼ 1, Γ x ∼ 500 and the lateral boundary conditions are free. The transverse dimension of the channels prevents the coupling of the basic state to transverse modes along y, that would complicate the study. The reduced stress parameter used hereafter is ε = V 2 /V 2 crit − 1, where V crit is the critical voltage at onset of the instability under study. Let us here remark that over the subcritical range voltages V are lower than V crit , so that ε < 0. The constraint is increased at a rate of 0.23 mV/s, so that the structure can adiabatically follow the constraint. The voltage increment is 2.3 mV and the voltage stability is about 2 mV/h. The temperature is kept at T = 30.00 ± 0.05 • C. The frequency of the electric field is a secondary control parameter that we keep fixed at f = 225 Hz, i.e. below the cutoff frequency of the "conduction regime" at 300 Hz [Chandrasekhar, 1994] . The time scales of the front dynamics reported here are of the order of the hour. In order to deal with not too long experiments, measurements over the dynamics are performed following few hundreds of mV. As a result, the accuracy on the critical values (a few tens of V ) is better than 1%. Data are extracted from the direct visualization of the structures, that makes the most of the optical anisotropic properties of the nematic phase. A normally incident collimated light beam is deviated by the optical index modulations induced by the convective structures. The generated optical caustic is intercepted by an observation plane parallel to the confining plates. The optical structure, related to the convective structure [Joets & Ribotta, 1994] , is captured by a CCD camera and the signal is digitized for further processing.
States diagram
By adiabatically increasing the constraint from zero, the rest state becomes unstable against a time-dependent convective state in the form of a progressive traveling wave (TW) for the threshold voltage V th 17.5 V . At a higher voltage this latter state becomes unstable against a modulated traveling wave (MTW). The first bifurcation is weakly subcritical whereas the second one is supercritical. The state under study hereafter develops as a third instability above a critical value V crit 26.9 V , in the form of finite-extended domains of the strongly nonlinear modulated traveling wave [ Fig. 1(c) ]. In addition to a strong change in the optical contrast, this state is characterized by an angular oscillation in time (in the y direction) of the optical structure [Pastur & Ribotta] . At this critical point, the domains connect erratically, and the structure is characterized by fast decreasing correlations both in time and space, and has indeed the features of a chaos. From this point, and by slowly decreasing the constraint along the subcritical branch, it is found that the domain remains stable down to the subcritical point V sub 18.8 V . Over the subcritical range, the domains are surrounded by the "basic state". We will go back and discuss this point in Sec. 5. When the constraint is decreased down to, and kept at V sub , the width of the islands firstly decreases slowly, until they reach a value less than six spatial periods λ. At this point, the amplitude of the convective state falls down to zero abruptly and uniformly. Thus, the bifurcation to the island state is characterized by a strong hysteresis, that we express in reduced difference values as V 2 sub /V 2 crit −1 ∼ −0.51. Inside the whole subcritical range, the bifurcated state exists as well-defined islands [ Fig. 1(b) ].
Experimental Results
Transition to space-time chaos
The evolution of this island state towards chaos is now studied along the subcritical branch of the bifurcation, starting from V sub up to V crit . Inside this hysteretic branch, a remarkable novel behavior of the domain size, revealed by front motions, takes place. This evolution occurs through a sequence of different steps. . In this regime, the front oscillations become incoherent and their amplitude fluctuations may attain relative values as large as 300%. At even higher constraints (typically ε ∼ −0.1), the envelope starts to slowly drift with a velocity of about 0.05 µm/s [ Fig. 3(a) ]. As the constraint reaches the critical point at ε = 0, adjacent domains connect, and the channel is rapidly filled with a complex convective state. In this new state the small scale structures can no longer be distinguished because the fluctuations develop at small scales and with relatively large amplitudes. This is indicated by the sharp increase in the light scattering, thus meaning that the director gradients occur over scales of order some light-wavelengths.
Width-selection
Another feature of this transition to chaos is a width-selection effect. From V sub and up, it is found that the mean-width W of the islands is unique for a given constraint value (e.g. W ∼ 6λ for ε = −0.5), that increases with the constraint. Moreover, for fixed constraint values inside the chaotic regime of the fronts, the absolute width may at some time extend beyond a critical value, and a "hole" is created in the amplitude inside the domain [Figs. 3(a) and 3(b)]. In this situation, the initial island splits up into two distinct domains. The hole creation is found to be associated with large phase gradients inside the inner convective state, as in a phase instability [ Fig. 3(c) ]. Following the splitting, the former island recovers its optimal width, thus confirming the width-selection mechanism. After the splitting, the newly created domain survives only if its initial width W nucl is larger than some critical value W cr 2/3W . It is also found that the convective amplitude of the inner state is varying like the width of the island. The width-selection mechanism may then be ascribed to the interaction of the two opposite fronts, as it is the case when the front is the singular solution separating two saturated stable states [Pomeau, 1986] . As a consequence, if the distance between the two fronts is less than a critical value, the amplitude decreases everywhere until For instance, at ε ∼ −0.30, the left front is still stationary, and oscillates only at higher values of ε. Here, the amplitude of its oscillations is smaller than those of the right front. In those experiments, it is also found that the basic inner wave is right-traveling. Moreover, the global drift observed at higher constraint occurs also in the direction of the basic wave. The origin of this asymmetry between the right and the left fronts may result either from a selection by the system, or from experimental artifacts (equipotential surfaces not parallel to the plates, small thickness gradients, etc.).
Conclusion on the experimental results
The 1D-EHC of a nematic liquid crystal exhibits a subcritical transition towards space-time chaos. We have found in the prechaotic range, (i) a cascade of bifurcations of front regimes as the constraint is increased: stationary → monoperiodic in time → biperiodic → chaotic in space and time, (ii) a new selection mechanism of the width of the domains. This selection mechanism is responsible for the splitting of the domains, that characterizes the chaotic front regime.
Numerical Results
The time scale of the front dynamics is larger than the one involved in the inner wave. Thus, the dynamics of this subcritical state may be accounted for by an appropriate amplitude equation. The symmetries involved and the subcritical nature of the bifurcation impose, as a simplest model, a Quintic Complex Ginzburg-Landau Equation (QCGLE):
where α, β, γ are complex coefficients. Here, A is the convective amplitude of the localized state, which varies in time and space over scales large compared with those of the basic wave structure. A t and A x are the amplitude derivatives with respect to time and space. The main feature of subcritical bifurcations is the coexistence between two stable states over a finite range of the control parameter.
In an amplitude formalism of the Ginzburg-Landau type, the cubic term in the order parameter development reinforces the linear instability, and the nonlinear saturation is provided by the fifth order term, also responsible for the subcriticality of the bifurcation. Such bifurcations are then defined by two critical values of the control parameters, the socalled subcritical V sub and critical V crit points (also occurring in this order as the control parameter is increased). Below the subcritical point, the basic state is the only stable one. Between the subcritical and the critical points, both states are simultaneously stable, and may coexist in space. This coexistence can persist asymptotically if the system is nonpotential (because of for example complex coefficients in the Ginzburg-Landau type equation). Beyond the critical point, the basic state is no more stable, and the bifurcated state spreads through the whole system. An explicit integration scheme based on a Runge-Kutta 4 method is used for our numerical calculations. The box of integration is of length 64 units with periodical boundary conditions. The initial condition is chosen in the form of a localized Gaussian-like pulse A 0 (x), the profile of which may be varied. The calculations are made with β = 3+i, γ = 2.75 − i, α = 0.97 − 1.1i. The time step is dt = 0.01. The run is realized over 10 5 dt, following a transient regime of 10 5 dt. For a given initial condition, each integration step gives A(x), and the A(x, t) space-time diagram is realized by stacking the resulting amplitude profile every 20dt.
Transition to chaos
In a first step, the calculations are repeated starting from identical initial conditions, but with different values of ε. The equivalent coefficient in the QCGLE of the experimental control parameter is indeed ε. The results are presented for four values of ε in Fig. 4 . In these figures, light colors correspond to small amplitudes (white for the null amplitude), darker colors to larger amplitudes. For ε < −0.55, the initial condition relaxes to the uniform rest state. From ε = −0.55 to ε ∼ −0.24, a domain is created, the fronts of which are stationary. The width has a well-defined fixed value. For −0.24 < ε < −0.12, the fronts oscillate periodically, and symmetrically. For −0.12 < ε < −0.11, the oscillations are biperiodic. For ε > −0.11, the oscillations are weakly chaotic. Above ε ∼ −0.09, the fronts motion can lead to the filling of the whole box with the nonzero state.
Width selection
In a second step, we start from different Gaussianlike initial conditions and keep the constraint fixed at ε. The (stable) asymptotic state has a unique mean-width, as illustrated in Fig. 5 . It is found that a critical amplitude exists, below which the initial state cannot develop and vanishes out. This value is of order 1/10 of the saturation value A sat given by |A| 2 sat = 1/2|A| 2 crit (1 + 1 − ε/ε * ), where A crit is the amplitude at the critical point: |A| 2 crit = (β + β)/(γ + γ), and ε * the subcritical value of the control parameter: ε * = (β + β) 2 /4(γ + γ). This selection of the width is quite similar to the one observed in the experiments. Moreover, by fixing ε and the initial condition, but allowing the other coefficients to vary in the QCGLE, it is observed that the mean-width of the final state increases with Re(β) (Re for the real part), but is roughly independent on Re(γ). Thus, at fixed constraint, the control of the width is given by a balance between the diffusion constant (Re(α)) and the cubic nonlinearities (through Re(β)).
Comparison with the experimental results
The cascade of bifurcations between front regimes in the numerical experiment show quite similar features to the one observed in the real experiment. In addition to this cascade, the QCGLE also gives rise, in the same area of the parameters space, to a width-selection mechanism quite similar to the experimental one. However, the experimental asymmetry between the right and left front dynamics is not reproduced in the simulations. Moreover, the experimental and numerical chaotic regimes appear somewhat different. First, the range of existence of the chaotic front dynamics is much larger experimentally (more than 35% of the subcritical range) than numerically (less than 5%). Second, the hole creation mechanism, and the splitting of the domains occurring in the real experiment, are not captured in the simulations. Of course, this may not be surprising, as in this regime the amplitude is quite important, and the QCGLE should not apply anymore. Let us here notice that at least a family of traveling localized solutions, stable in the CGLE, has been found to be unstable in the QCGLE (the fifth order term being considered as a perturbation of the CGLE) [Popp et al., 1995] . That may explain the absence of such structures in the simulations. Of course, intrinsic stable localized solutions might nevertheless exist in the QCGLE, maybe only inside a very narrow range of the parameters space.
Discussion
Remarks on the experiments
For the sake of simplicity, we only described in Sec. 3 the most important features of the experimental results. Those are in fact a bit richer than the ones provided in Sec. 3. First, more than two states may be stable simultaneously. The first state is the rest state, the second one is the subcritical state under study, but a third state may occur. It is a modulated nonlinear wave that appears sooner than the subcritical state in the states diagram of the system [ Fig. 1(a) Fig. 6(a) ]. At higher constrains however, the MTW may be sustained: its amplitude remains constant over several temporal periods. Here, the death of the nucleated domain does no more lead to the rest state, but to the MTW state [ Fig. 6(b) ], where of course, the three states coexist with finite spatial extension. Second, the range of coexistence of the rest state and the subcritical state is much larger than the one expected in a GinzburgLandau type scenario. Indeed, the amplitude A sub of the subcritical state at the subcritical point is related to the subcritical range ε * as A sub ∝ √ ε * . Moreover, the subcritical and critical amplitudes are in the ratio |A| 2 sub /|A| 2 crit = 1/2. Experimentally, it is noted, by using as order parameter the optical angular mode of oscillation characterizing this convective state, that this ratio is much smaller than 1/2, meaning -if our order parameter is relevant -that the subcritical range would be much more extended than the one expected in the Ginzburg-Landau scenario. However, these expectations are only valid in the potential case, and may fail in the nonpotential situation, as it is actually the case experimentally. Moreover, the fact that a third state is present in our scheme may reinforce the disagreement between the given picture and the real situation. Let us notice that a similar situation may occur in the Taylor-Couette instability when one tries to model the transition towards turbulent bursts by a QCGLE. Indeed, the laminar flow remains stable for any value of the Reynolds number [Reichardt, 1956] . Then, the amplitude of the subcritical state at the subcritical point should be infinite, and as a consequence a Ginzburg-Landau type description cannot apply, even qualitatively.
About the cascade in the QCGLE
The cascade of bifurcations between front regimes in the QCGLE was obtained in our numerical simulations by varying the ε coefficient, which is the numerical equivalent to our experimental control parameter. A similar cascade of bifurcations in a pure model of QCGLE had also been previously observed, but using the diffusion constant Re(α) as control parameter [Deissler & Brand, 1994] . (This parameter cannot be varied in the experiments.) There, the width instability results naturally from the competition between the spatial diffusion and the nonlinearities. By comparison, in our model all the parameters controlling the width of the domains are fixed, and the width instability is really produced as the constraint is increased, as in the real experiment. Moreover, the simplest QCGLE did not allow to reproduce the asymmetry between the left and right fronts, as well as the slow envelop drift observed for higher constraints. It has however been shown that additional nonlinear gradient terms of the form (µA 2 A x +ν|A| 2 A x ) can lead to a drift of the domains, and introduce an asymmetry between the two front dynamics [Deissler & Brand, 1998 ]. There, the drift velocity increases as |A| 2 , and thus with the actual constraint (as √ ε in the potential case, in areas where the amplitude is saturated). However, whereas in this model there is no threshold for the drift, in the experiments the drift only appears at a well-defined high constraint value.
Conclusion
In conclusion, it is found that the direct transition to space-time chaos at the critical point of a subcritical bifurcation is preceded by a cascade of bifurcations in the spatial extension of the localized bifurcated domains, along the hysteretic branch: stationary → monoperiodic in time → biperiodic → chaotic in space and time. The localization results from a selection mechanism that indicates a coupling between the spatial extension and the amplitude of the domains. In the chaotic front regime, this mechanism results in the formation of a hole in the amplitude of the domain when the front dynamics stretch the width of the domain beyond some critical value. The hole does not relax and lead to the splitting of one single domain into two distinct domains. The nucleated domain only survives if its width after splitting is larger than some critical value.
Most of the experimental findings can be reproduced qualitatively by a quintic complex GinzburgLandau model, such as the cascade of bifurcations between front regimes, and the width-selection mechanism. Other experimental features may be recovered by the addition of nonlinear gradient terms to the basic QCGLE (asymmetry between the right and left fronts, drift of the domains). However, the hole solution did not arise in the simulations. It is believed that these solutions might exist, but only inside a very narrow area of the parameters space.
These novel results should stimulate similar studies in the subcritical range of backward bifurcations in other fields, for instance in hydrodynamics.
